We discuss the β-deformation of AdS 5 × S 5 which incorporates the SL(2, R) symmetry of the type IIB theory. The axion-dilaton is identified with a two-torus from an eleven dimensional viewpoint. We consider the null geodesic with equal component angular momenta to take the Penrose limit of the deformed AdS 5 × S 5 . We study the bosonic part of the string sigma model and the spectrum of the string in the pp-wave background. *
Introduction
The marginal deformation of N = 4 super Yang-Mills theory introduces phases in the superpotential, preserving a U (1) × U (1) non-R-symmetry. The deformation reduces the supersymmetry N = 4 to N = 1. The phases in the superpotential can be complexified 1 [1] . In the gravity side, the U (1) × U (1) symmetry maps to a two-torus. An SL(2, R) transformation acting on a type IIB supergravity solution compactified on the two-torus produces the gravity dual of the γ-deformation. The gravity dual of the β-deformation is an SL(3, R) transformation, which consists of the SL(2, R) transformation and an S-duality transformation SL(2, R) s 2 [2] . The charges of the chiral superfields under U (1) × U (1) in the gauge theory correspond to the angular momenta along the two-torus. In the marginally deformed AdS 5 × S 5 , the SO(6) isometry is broken to U (1) × U (1) × U (1). The angle coordinates (φ 1 , φ 2 , φ 3 ) of the S 5 are linear combinations of the coordinates of the U (1) × U (1) × U (1). The BPS geodesics are chosen with angular momenta
(1.1)
For undeformed AdS 5 × S 5 , the geodesics can be transformed to one another by SO(6), which is the isometry of the S 5 . Therefore the Penrose limits for the geodesics produce one pp-wave. For deformed AdS 5 ×S 5 , which has a U (1)×U (1)×U (1) symmetry, the geodesics are not isometrically equivalent. The first three geodesics and the fourth geodesic are two distinct geodesics. The Penrose limit for the first three cases is studied in [3, 2] . The Penrose limit for the fourth case is studied in [4] where it is also shown that the spectrum of the string in this pp-wave limit is independent of the parameter γ. The pp-wave limits of marginally deformed geometries which include the σ-deformation are discussed in [5] . Giant gravitons on the deformed pp-waves are investigated in [5, 6] . The SL(3, R) transformation for the β-deformation can be generalized by incorporating the SL(2, R) symmetry of type IIB theory, which is also the symmetry of the toroidal compactification [7] . In [8] , torus deformation is considered for the generalization. In this work, we apply the generalized β-deformation to AdS 5 ×S 5 and take the Penrose limit of the deformed AdS 5 ×S 5 along the (J, J, J) geodesic. We study the spectrum of the string in the deformed pp-wave background.
In section 2, we review the generalization of the β-deformation and present the deformed AdS 5 × S 5 geometry. In section 3, we study the pp-wave limit of the β-deformed AdS 5 × S 5 with the axion-dilaton, which is identified with the torus modulus of the rectangular torus before the torus deformation. We present the bosonic part of the string sigma model and compute the spectrum. In section 4, we summarize our results.
Generalization of the β-deformed geometry
The β-deformation [2] acting on a type IIB supergravity solution which has a two-torus symmetry is derived from an SL(3, R) transformation acting on an eleven-dimensional supergravity solution which has a three-torus symmetry. The coordinates of the three-torus are (ϕ 1 , ϕ 2 , ϕ 3 ). The type IIB supergravity solution is obtained by a dimensional reduction along ϕ 3 and a T-duality transformation along ϕ 1 . The SL(3, R) matrix for the β-deformation is
The type IIB supergravity solution can be generalized by an
This corresponds to the SL(2, R) symmetry of the type IIB theory, which is also the symmetry of the toroidal compactification [7] . The axion-dilaton τ = τ 1 + iτ 2 transforms as
3)
The SL(3, R) transformation LΛ T LM , therefore, produces the β-deformed geometry incorporating the SL(2, R) symmetry of the type IIB supergravity. By applying Lunin and Maldacena's solution generating technique with the SL(3, R) matrix LΛ T LM to the type IIB supergravity solution in the form given by (A.7) in [2] , the generalized β-deformation is obtained in [8] 3 as
where
(2.6) F 5 in (2.4) has no indices along the torus (ϕ 1 , ϕ 2 ). The star is taken with the new metric. We consider AdS 5 × S 5 defined by
with µ 1 = cos α, µ 2 = sin α cos θ, µ 3 = sin α sin θ.
R is the radius of AdS 5 and the radius of S 5 . We apply the transformation (2.4) to (2.7). The angle coordinates (φ 1 , φ 2 , φ 3 ) are related to the coordinates (ϕ 1 , ϕ 2 ) of the two-torus and the U (1) R-symmetry direction ψ as
The deformed AdS 5 × S 5 geometry with parametersγ = γR 2 andσ = σR 2 is
f , g and h are the same as (2.6). The transformation (2.2) can be related to torus deformation from an eleven dimensional viewpoint. The torus parameters considered in [8] are sin ξ is the radius of the third direction after the deformation. ξ is the intersection angle between the direction along the first coordinate and the direction along the third coordinate of the slanted torus deformed by (2.2) with the components (2.12). We consider a simpler case in which the axion-dilaton is identified with the torus modulus of the rectangular torus before the deformation [8] as
The axion-dilaton (2.13) transforms under (2.3) with the components (2.12) as
This is the torus moduli of the deformed torus. By substituting (2.13) into (2.10) we find the β-deformed AdS 5 × S 5 on the slanted torus
This geometry contains four parameters. The parametersγ andσ arise from the marginal deformation. The parameters l and ξ arise from the axion-dilaton.
(J, J, J) geodesic
We investigate the Penrose limit of the geometry (2.15) along the geodesic with equal component angular momenta. This corresponds to (µ 2 1 , µ 2 2 , µ 2 3 ) = (1/3, 1/3, 1/3) in (2.8). In the vicinity of the geodesic with α 0 = arccos(1/ √ 3) and θ 0 = π/4, we set
and take the R → ∞ limit of the geometry keepingγ andσ fixed. We also shift the coordinate x − as
x 1 x 3 + x 2 x 4 to transform the resulting metric to a homogeneous pp-wave [9, 10, 11] .
The bosonic part of the string sigma model is
where α ′ = 1/2π, 0 ≤ σ ≤ π and the worldsheet metric η ab is fixed as √ ηη ab = diagonal(−1, 1) with η = |detη ab |. We impose the lightcone gauge condition x + = τ . The Lagrangian density of the action (3.2) becomes
The solutions are ω = 1 ± 1 + 4n 2 ± 4nσl 3 csc 2 ξ +σ 2 l 2 . (3.8)
The spectrum does not depend on the deformation parameterγ while the spectrum depends on the deformation parameterσ. Whenσ = 0, the axion-dilaton parameters l and ξ contribute to the spectrum. Whenσ = 0, we recover the result of [4] .
